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BOUNDEDNESS OF BI-PARAMETER LITTLEWOOD-PALEY
OPERATORS ON PRODUCT HARDY SPACE
ZHENGYANG LI AND QINGYING XUE
Abstract. Let n1, n2 ≥ 1, λ1 > 1 and λ2 > 1. For any x = (x1, x2) ∈ R
n × Rm, let g
and g∗~λ be the bi-parameter Littlewood-Paley square functions defined by
g(f)(x) =
(∫ ∞
0
∫
∞
0
|θt1,t2f(x1, x2)|
2 dt1
t1
dt2
t2
)1/2
, and
g∗~λ(f)(x) =
(∫∫
R
m+1
+
∫∫
R
n+1
+
2∏
i=1
( t1
ti + |xi − yi|
)niλi
|θt1,t2f(y1, y2)|
2 dy1dt1
tn+11
dy2dt2
tm+12
)1/2
,
where θt1,t2f(x1, x2) =
∫∫
Rn×Rm
st1,t2(x1, x2, y1, y2)f(y1, y2)dy1dy2. It is known that
the L2 boundedness of bi-parameter g and g∗~λ have been established recently by Mar-
tikainen, and Cao, Xue, respectively. In this paper, under certain structure conditions
assumed on the kernel st1,t2 , we show that both g and g
∗
~λ
are bounded from product
Hardy space H1(Rn × Rm) to L1(Rn × Rm). As consequences, the Lp boundedness of
g and g∗~λ will be obtained for 1 < p < 2.
1. Introduction
1.1. Bi-parameter Littlewood-Paley operators. The study of multi-parameter op-
erators originated in the famous works of Fefferman and Stein [6] on bi-parameter singular
integral operators. Later on, Journe´ [9] peresented a multi-parameter version of T1 theo-
rem on product spaces. Subsequently, Pott and Villarroya [12] formulated a new type of
T1 theorem. Recently, a bi-parameter representation of singular integrals in expression
of the dyadic shifts was given by Martikainen [10], which extended the famous result of
Hyto¨nen [7] for one-parameter case. Moreover, a bi-parameter version of T1 theorem in
spaces of non-homogeneous type was demonstrated by Hyto¨nen and Martikainen [8].
Still more recently, Martikainen [18] studied a class of bi-parameter square function
defined as follows:
Definition 1.1. ([18]) For any x = (x1, x2) ∈ R
n × Rm, the bi-parameter Littlewood-
Paley square function g is defined by
g(f)(x) :=
(∫ ∞
0
∫ ∞
0
|θt1,t2f(x1, x2)|
2dt1
t1
dt2
t2
)1/2
,
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where θt1,t2f(x1, x2) =
∫∫
Rn×Rm
st1,t2(x1, x2, y1, y2)f(y1, y2)dy1 dy2.
In [18], the kernels st1,t2 were assumed to satisfy a natural size estimate, a Ho¨lder
estimates and two symmetric mixed Ho¨lder and size estimates, they were also assumed to
satisfy certain mixed Carleson and size estimates, mixed Carleson and Ho¨lder estimates
and a bi-parameter Carleson condition. Under these assumptions, the author of [18]
established the L2 boundedness of g.
Later on, by modifying and adding new ingredients in the assumptions, Cao and Xue
[1] introduced and studied the L2 boundedness of the following bi-parameter Littlewood-
Paley g∗λ-function:
Definition 1.2. ([1]) Let λ1, λ2 > 1, for any x = (x1, x2) ∈ R
n × Rm, the bi-parameter
Littlewood-Paley g∗λ-function is defined by
g∗~λ(f)(x) :=
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
× |ϑt1,t2f(y1, y2)|
2dy1dt1
tn+11
dy2dt2
tm+12
)1/2
,
where ϑt1,t2f(y1, y2) =
∫∫
Rn×Rm
Kt1,t2(y1, y2, z1, z2)f(z1, z2)dz1 dz2.
Till now, the only known result about g-function and g∗~λ-functionis is the L
2 bounded-
ness. Therefore, it leaves several questions open, such as, it is quite natural to ask if the
Lp boundedness and H1 to L1 boundedness are true or not. In this paper, our objects of
investigation are the bi-parameter Littlewood-Paley g-function and g∗~λ-function. We are
mainly concerned with the boundedness of these two operators on product Hardy spaces
(as consequences, the Lp boundedness will be obtained for 1 < p < 2). The introduction
of product Hardy spaces will be given in the next subsection.
1.2. Product Hardy space. The product Hardy space was first introduced and stud-
ied by Malliavin and Malliavin [17] in 1977, and systematically studied by Gundy and
Stein [13] in 1979. Later on, Chang and R. Fefferman [3] established the atomic de-
composition of Hp(R2+ × R
2
+), which is more complicated than the classical H
p(Rn).
By using the rectangle atomic decomposition of Hp(Rn × Rm) (Theorem A below)
and a geometric covering lemma due to Journe´[16], R. Fefferman [5] established the
(Hp(Rn × Rm), Lp(Rn × Rm)) boundedness of Journe´’s product singular integrals. For
more work about the boundedness of operators on product Hardy space, one may refer
to [4], [14], [15], [20].
In order to state some known results, we need to introduce two more definitions.
Definition 1.3 (Hp(Rn × Rm) atom, [2]). Let a(x1, x2) be a function supported in an
open set Ω ⊂ Rn×Rm with finite measure. a(x1, x2) is said to be an H
p(Rn×Rm) atom
if it satisfies the following condition:
(i) ‖a‖2 ≤ |Ω|
1/2−1/p.
(ii) a can further be decomposed as a(x1, x2) =
∑
R∈M(Ω) aR(x1, x2), where aR are
supported on the double of R = I × J (I a dyadic cube in Rn, J a dyadic cube
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in Rm) and M(Ω) is the collection of all maximal dyadic rectangles contained in
Ω. Moreover,
{∑
R∈M(Ω) ‖aR‖
2
2
}1/2
≤ |Ω|1/2−1/p.
(iii)
∫
2I
aR(x1, x2)x
α
1dx1 = 0 for all x2 ∈ R
m, 0 ≤ |α| ≤ Np,n,∫
2J
aR(x1, x2)x
α
2dx2 = 0 for all x1 ∈ R
n, 0 ≤ |β| ≤ Np,m,
where Np,n and Np,m is a large integer depending on p and n,
Definition 1.4 (Hp(Rn×Rm) rectangle atom, [2]). Let function a(x1, x2) be supported
on a rectangle R = I × J , where I is a cube in Rn and J is a cube in Rm, respectively,
a(x1, x2) is called an H
p(Rn × Rm) rectangle atom provided
(i) ‖a‖2 ≤ |R|
1/2−1/p,
(ii)
∫
I
a(x1, x2)x
α
1dx1 = 0 for all x2 ∈ R
m, 0 ≤ |α| ≤ Nn,p,
(iii)
∫
J
a(x1, x2)x
β
2dx2 = 0 for all x1 ∈ R
n, 0 ≤ |β| ≤ Nm,p.
Chang and R. Fefferman [2] gave the following atomic decomposition of Hp(Rn×Rm).
Theorem A. ([2]) A distribution f ∈ Hp(Rn × Rm) if and only if f =
∑
j λjaj, where
aj are H
p(Rn × Rm) atoms,
∑
j |λj|
p < ∞, and the series converges in the distribution
sense. Moreover, ‖f‖pHp is equivalent to inf{
∑
j |λj|
p: for all f =
∑
j λjaj}.
Since the support of Hp(Rn×Rm) atom is an open set, the decomposition of Hp(Rn×
Rm) cannot be carried out to demonstrate the Hp boundedness of linear or sublinear op-
erators directly as the classical cases. However, it was quite surprising that R. Fefferman
[5] obtained the following nice result,
Theorem B. ([5]) Suppose that T is a bounded linear operator on L2(Rn×Rm). Suppose
further that if a is an Hp(Rn×Rm) rectangle atom (0 < p ≤ 1) supported on R, we have∫∫
Rn×Rm\R˜γ
|T (a)(x1, x2)|
pdx1dx2 ≤ Cγ
−δ, for all γ ≥ 2 and some fixed δ > 0,
where R˜γ denotes the γ fold enlargement of R. Then T is a bounded operator from
Hp(Rn × Rm) to Lp(Rn × Rm).
1.3. Assumptions and Main result.
In order to state our main results, we first present the following assumptions:
Assumption 1 (Standard estimates of st1,t2). The kernel st1,t2 : (R
n×Rm)× (Rn ×
Rm)→ C is assumed to satisfy the following estimates:
(1) Size condition :
|st1,t2(x, y)| .
tα1
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
.
(2) Ho¨lder condition :
|st1,t2(x, y)− st1,t2(x, (y1, y
′
2))− st1,t2(x, (y
′
1, y2)) + st1,t2(x, y
′)|
.
|y1 − y
′
1|
α
(t1 + |x1 − y1|)n+α
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
whenever |y1 − y
′
1| < t1/2 and |y2 − y
′
2| < t2/2.
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(3) Mixed Ho¨lder and size conditions :
|st1,t2(x, y)− st1,t2(x, (y1, y
′
2))| .
tα1
(t1 + |x1 − y1|)n+α
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
whenever |y2 − y
′
2| < t2/2 and
|st1,t2(x, y)− st1,t2(x, (y
′
1, y2))| .
|y1 − y
′
1|
α
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
,
whenever |y1 − y
′
1| < t1/2.
Assumption 2 (Carleson condition × Standard estimates of st1,t2). If I ⊂ R
n is
a cube with side length ℓ(I), we define the associated Carleson box by Î = I × (0, ℓ(I)).
We assume the following conditions : For every cube I ⊂ Rn and J ⊂ Rm, there holds
that
(1) Combinations of Carleson and size conditions :(∫∫
Î
∣∣∣ ∫
I
st1,t2(x1, x2, y1, y2)dy1
∣∣∣2dx1dt1
t1
)1/2
. |I|1/2
tβ2
(t2 + |x2 − y2|)m+β
and(∫∫
Ĵ
∣∣∣ ∫
J
st1,t2(x1, x2, y1, y2)dy2
∣∣∣2dx2dt2
t2
)1/2
.
tα1
(t1 + |x1 − y1|)m+α
|J |1/2.
(2) Combinations of Carleson and Ho¨lder conditions :(∫∫
Î
∣∣∣ ∫
I
[st1,t2(x1, x2, y1, y2)− st1,t2(x1, x2,y1, y
′
2)]dy1
∣∣∣2dx1dt1
t1
)1/2
. |I|1/2
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
whenever |y2 − y
′
2| < t2/2. And(∫∫
Ĵ
∣∣∣ ∫
J
[st1,t2(x1, x2, y1, y2)− st1,t2(x1, x2,y
′
1, y2)]dy2
∣∣∣2dx2dt2
t2
)1/2
. |J |1/2
|y1 − y
′
1|
α
(t1 + |x1 − y1|)m+α
,
whenever |y1 − y
′
1| < t1/2.
Assumption 2′ (Strong Carleson condition × Standard estimates of st1,t2).
If I ⊂ Rn is a cube with side length ℓ(I), we define the associated Carleson box by
Î = I × (0, ℓ(I)). We assume the following conditions : For every cube I ⊂ Rn and
J ⊂ Rm, there holds that
(1) Combinations of Carleson and size conditions :(∫∫
Î
∫
I
|st1,t2(x1, x2, y1, y2)|
2dy1
dx1dt1
t1
)1/2
.
tβ2
(t2 + |x2 − y2|)m+β
and(∫∫
Ĵ
∫
J
|st1,t2(x1, x2, y1, y2)|
2dy2
dx2dt2
t2
)1/2
.
tβ1
(t1 + |x1 − y1|)m+α
.
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(2) Combinations of Carleson and Ho¨lder conditions :(∫∫
Î
∫
I
|st1,t2(x1, x2, y1, y2)− st1,t2(x1, x2,y1, y
′
2)|
2dy1
dx1dt1
t1
)1/2
.
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
whenever |y2 − y
′
2| < t2/2. And(∫∫
Ĵ
∫
J
|st1,t2(x1, x2, y1, y2)− st1,t2(x1, x2,y
′
1, y2)|
2dy2
dx2dt2
t2
)1/2
.
|y1 − y
′
1|
α
(t1 + |x1 − y1|)m+α
,
whenever |y1 − y
′
1| < t1/2.
Assumption 3 (Bi-parameter Carleson condition of st1,t2). Let D = Dn × Dm,
where Dn is a dyadic grid in R
n and Dm is a dyadic grid in R
m. For I ∈ Dn, let
WI = I × (ℓ(I)/2, ℓ(I)) be the associated Whitney region. Denote
CDIJ =
∫∫
WJ
∫∫
WI
|θt1,t21(y1, y2)|
2dx1dt1
t1
dx2dt2
t2
.
We assume the following bi-parameter Carleson condition: For every D = Dn × Dm
there holds that
(1.1)
∑
I×J∈D
I×J⊂Ω
CDIJ . |Ω|
for all sets Ω ⊂ Rn × Rm such that |Ω| < ∞ and such that for every x ∈ Ω there exists
I × J ∈ D so that x ∈ I × J ⊂ Ω.
Assumption 4 (Standard estimates of Kt1,t2). The kernel Kt1,t2 : (R
n×Rm)×(Rn×
Rm)→ C is assumed to satisfy the following estimates:
(1) Size condition :
|Kt1,t2(x, y)| .
tα1
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
.
(2) Ho¨lder condition :
|Kt1,t2(x, y)−Kt1,t2(x, (y1, y
′
2))−Kt1,t2(x, (y
′
1, y2)) +Kt1,t2(x, y
′)|
.
|y1 − y
′
1|
α
(t1 + |x1 − y1|)n+α
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
whenever |y1 − y
′
1| < t1/2 and |y2 − y
′
2| < t2/2.
(3) Mixed Ho¨lder and size conditions :
|Kt1,t2(x, y)−Kt1,t2(x, (y1, y
′
2))| .
tα1
(t1 + |x1 − y1|)n+α
|y2 − y
′
2|
β
(t2 + |x2 − y2|)m+β
,
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whenever |y2 − y
′
2| < t2/2 and
|Kt1,t2(x, y)−Kt1,t2(x, (y
′
1, y2))| .
|y1 − y
′
1|
α
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
,
whenever |y1 − y
′
1| < t1/2.
Assumption 5 (Carleson condition × Standard estimates of Kt1,t2). If I ⊂ R
n is
a cube with side length ℓ(I), we define the associated Carleson box by Î = I × (0, ℓ(I)).
We assume the following conditions : For every cube I ⊂ Rn and J ⊂ Rm, there holds
that
(1) Combinations of Carleson and size conditions :( ∫∫
Î
∫
Rn
∣∣∣ ∫
I
Kt1,t2(x− y, z1, z2)dz1
∣∣∣2( t1
t1 + |y1|
)nλ1 dy1
tn1
dx1dt1
t1
)1/2
. |I|1/2
tβ2
(t2 + |x2 − y2 − z2|)m+β
and(∫∫
Ĵ
∫
Rm
∣∣∣ ∫
J
Kt1,t2(x− y, z1, z2)dz2
∣∣∣2( t2
t2 + |y2|
)nλ1 dy2
tn2
dx2dt2
t2
)1/2
. |J |1/2
tα1
(t1 + |x1 − y1 − z1|)n+α
.
(2) Combinations of Carleson and Ho¨lder conditions :(∫∫
Î
∫
Rn
∣∣∣ ∫
I
[Kt1,t2(x− y, z1, z2)−Kt1,t2(x− y, z1, z
′
2)]dz1
∣∣∣2( t1
t1 + |y1|
)nλ1 dy1
tn1
dx1dt1
t1
) 1
2
. |I|1/2
|z2 − z
′
2|
β
(t2 + |x2 − y2 − z2|)m+β
,
whenever |z2 − z
′
2| < t2/2. And(∫∫
Ĵ
∫
Rm
∣∣∣ ∫
J
[Kt1,t2(x− y, z1, z2)−Kt1,t2(x− y, z
′
1, z2)]dz2
∣∣∣2( t2
t2 + |y2|
)mλ2 dy2
tn2
dx2dt2
t2
) 1
2
. |J |1/2
|z1 − z
′
1|
α
(t1 + |x1 − y1 − z1|)n+α
,
whenever |z1 − z
′
1| < t1/2.
Assumption 5′ (Strong Carleson condition × Standard estimates of Kt1,t2).
If I ⊂ Rn is a cube with side length ℓ(I), we define the associated Carleson box by
Î = I × (0, ℓ(I)). We assume the following conditions : For every cube I ⊂ Rn and
J ⊂ Rm, there holds that
(1) Combinations of Carleson and size conditions :(∫∫
Î
∫
Rn
∫
I
|Kt1,t2(x− y, z1, z2)|
2
( t1
t1 + |y1|
)nλ1 dz1dy1
tn1
dx1dt1
t1
)1/2
.
tβ2
(t2 + |x2 − y2 − z2|)m+β
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and(∫∫
Ĵ
∫
Rm
∫
J
|Kt1,t2(x− y, z1, z2)|
2
( t2
t2 + |y2|
)nλ1 dz2dy2
tn2
dx2dt2
t2
)1/2
.
tα1
(t1 + |x1 − y1 − z1|)n+α
.
(2) Combinations of Carleson and Ho¨lder conditions :(∫∫
Î
∫
Rn
∫
I
|Kt1,t2(x− y, z1, z2)−Kt1,t2(x− y, z1,z
′
2)|
2
( t1
t1 + |y1|
)nλ1 dz1dy1
tn1
dx1dt1
t1
)1/2
.
|z2 − z
′
2|
β
(t2 + |x2 − y2 − z2|)m+β
,
whenever |z2 − z
′
2| < t2/2. And(∫∫
Ĵ
∫
Rm
∫
J
|Kt1,t2(x− y, z1, z2)−Kt1,t2(x− y,z
′
1, z2)|
2
( t2
t2 + |y2|
)mλ2 dz2dy2
tn2
dx2dt2
t2
)1/2
.
|z1 − z
′
1|
α
(t1 + |x1 − y1 − z1|)n+α
,
whenever |z1 − z
′
1| < t1/2.
Assumption 6 (Bi-parameter Carleson condition of Kt1,t2). Let D = Dn × Dm,
where Dn is a dyadic grid in R
n and Dm is a dyadic grid in R
m. For I ∈ Dn, let
WI = I × (ℓ(I)/2, ℓ(I)) be the associated Whitney region. Denote n1 = n, n2 = m and
CDIJ =
∫∫
WJ
∫∫
WI
∫∫
Rn+m
|θt1,t21(y1, y2)|
2
[ 2∏
i=1
( ti
ti + |xi − yi|
)niλi]dy1dy2
tn1 t
m
2
dx1dt1
t1
dx2dt2
t2
.
We assume the following bi-parameter Carleson condition: For every D = Dn × Dm
there holds that
(1.2)
∑
I×J∈D
I×J⊂Ω
CDIJ . |Ω|
for all sets Ω ⊂ Rn+m such that |Ω| < ∞ and such that for every x ∈ Ω there exists
I × J ∈ D so that x ∈ I × J ⊂ Ω.
The L2(Rn × Rm) boundedness of bi-parameter g function is given by Martikainen
[18], where the kernel st1,t2 satisfies the Assumptions 1, 2, 3. Cao and Xue [1] estab-
lish the L2(Rn × Rm) boundedness for bi-parameter g∗~λ-function, where the kernel Kt1,t2
satisfies the Assumptions 4, 5, 6. It deserves to note that the Assumptions 3 is a
necessary condition for the L2 boundedness of bi-parameter g-function to be held, and
Assumptions 6 is also necessary for the L2 boundedness of bi-parameter g∗~λ-function.
Remark 1.5. It is easy to see that Assumptions 2 is a little weaker than Assumptions
2′ and the same is true for Assumptions 5 and Assumption 5′.
Now we state the main result of this paper.
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Theorem 1.1. Assume that the kernel st1,t2 satisfies the Assumptions 1, 2
′, 3. Then,
it holds that ∥∥g(f)∥∥
L1(Rn×Rm)
.
∥∥f∥∥
H1(Rn×Rm)
,(1.3)
where the implied constant depends only on the assumptions.
Theorem 1.2. Let λ1, λ2 > 2, 0 < α ≤ n(λ1 − 2)/2 and 0 < β ≤ m(λ2 − 2)/2. Assume
that the kernel Kt1,t2 satisfies the Assumptions 4, 5
′, 6. Then, it holds that∥∥g∗~λ(f)∥∥L1(Rn×Rm) . ∥∥f∥∥H1(Rn×Rm),(1.4)
where the implied constant depends only on the assumptions.
By interpolation, we have the following corollaries:
Corollary 1.3. Assume that the kernel st1,t2 satisfies the Assumptions 1, 2
′, 3. Then
g is bounded on Lp(Rn × Rm) for all 1 < p < 2.
Corollary 1.4. Let λ1, λ2 > 2, 0 < α ≤ n(λ1 − 2)/2 and 0 < β ≤ m(λ2 − 2)/2.
Assume that the kernel Kt1,t2 satisfies the Assumptions 4, 5
′, 6. Then g∗~λ is bounded
on Lp(Rn × Rm) for all 1 < p < 2.
The organizations of this paper are as follows: Section 2 and Section 3 will be devoted
to demonstrate Theorem 1.1 and Theorem 1.2. In section 4, we will briefly give the
proofs of the Corollaries.
2. Proof of Theorem 1.1
In order to demonstrate Theorem 1.1, we first introduce some notions and a key lemma.
Let Hi (i = 1, 2) be the Hilbert space defined by
Hi = {f : (0,∞)× (0,∞)→ C is measurable, |f |Hi <∞},
where
|f |H1 =
{∫ ∞
0
∫ ∞
0
|f(t1, t2)|
2dt1
t1
dt2
t2
}1/2
and
|f |H2 =
{∫
R
m+1
+
∫
R
n+1
+
|f(t1, t2, y1, y2)|
2dy1dt1
t1
dy2dt2
t2
}1/2
.
Hence, g and g∗~λ can be written by
g(f)(x) = |{θt1,t2f(x1, x2)}t1,t2>0|H1 := |T1|H1,
and
g∗~λ(f)(x) =
∣∣∣∣
{
1
tn1 t
m
2
( t1
t1 + |x1 − y1|
)nλ1
2
( t2
t2 + |x2 − y2|
)mλ2
2
ϑt1,t2f(x1, x2)
}
t1,t2>0
∣∣∣∣
H2
:= |T2|H2 .
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For p > 0 and i = 1, 2, we define
LpHi(R
n × Rm) =
{
Ti(x1, x2) : R
n × Rm →Hi and ‖Ti‖Lp
Hi
(Rn×Rm) <∞
}
where ‖Ti‖Lp
Hi
(Rn×Rm) =
{∫∫
Rn×Rm
|Ti|
p
Hi
dx1dx2
}1/p
.
The following vector-valued version of Theorem B provide a foundation for our proof.
Lemma 2.1. Let Ti (i = 1, 2) be an Hi-valued linear operator which is bounded from
L2(Rn×Rm) to L2Hi(R
n×Rm), and 0 < p ≤ 1. Suppose further that there exist constants
C > 0 such that for all Hp(Rn × Rm) rectangle atoms a supported on R, it holds that∫∫
Rn×Rm\R˜γ
|Ti(a)(x1, x2)|
p
Hi
dx1dx2 ≤ Cγ
−δ for all γ ≥ 2 and some fixed δ > 0,
where R˜γ denotes the γ fold enlargement of R. Then there exists a constant C > 0 such
that for all Hp(Rn × Rm)-atom a˜, we have
‖Ti(a˜)‖Lp
Hi
(Rn×Rm) ≤ C.
Remark 2.1. The proof of Lemma 2.1 follows from the same idea of R. Fefferman.
One only needs to replace T (a) and Lp(Rn × Rm) in the proof given in [5] by Ti(a) and
LpHi(R
n × Rm), respectively. Here, we omit the proof.
Proof of Theorem 1.1. It suffices to verify that for any H1(Rn×Rm)-atom a˜, there exists
a constant C > 0, such that
‖g(a˜)‖L1(Rn×Rm) = ‖T1(a˜)‖L1
H1
(Rn×Rm) ≤ C.(2.1)
In fact, for any f ∈ H1(Rn × Rm), using atomic decomposition (Theorem A), we may
split f by f =
∑∞
j λj a˜j, where a˜j is H
1(Rn × Rm)-atom. By the size condition of st1,t2
and Fubini theorem, for all t1, t2 > 0, we have
|
∞∑
j=1
λj
∫∫
Rn×Rm
T1(a˜j)dx1dx2|
.
∞∑
j=1
|λj|
∫∫
Rn×Rm
∫∫
Rn×Rm
|st1,t2(x1, x2, y1, y2)|dx1dx2|a˜j(y1, y2)|dy1dy2
.
∞∑
j=1
|λj|
∫∫
Rn×Rm
∫∫
Rn×Rm
tα1
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)n+β
dx1dx2
|a˜j(y1, y2)|dy1dy2
.
∞∑
j=1
|λj|
∫∫
Rn×Rm
|a˜j(y1, y2)|dy1dy2 .
∞∑
j=1
|λj|.
Therefore, by Lebesgue dominated convergence theorem, it implies that
(2.2) T1(f) =
∞∑
j=1
λjT1(a˜j), a.e.
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Thus, by the above property (2.2), inequality (2.1) and Fatou’s lemma, we have
‖T1(f)‖L1
H1
(Rn×Rm) =
∫
Rn×Rm
|
∞∑
j=1
λjT1(a˜j)(x1, x2)|H1dx1dx2(2.3)
≤
∫
Rn×Rm
∞∑
j=1
|λ|j|T1(a˜j)(x1, x2)|H1dx1dx2
≤
∞∑
j=1
|λ|j‖T1(a˜j)‖L1
H1
(Rn×Rm)
≤
∞∑
j=1
|λ|j . ‖f‖H1(Rn×Rm).
Hence, to prove Theorem 1.1, it is sufficient to prove inequality (2.1).
Let a be a H1(Rn × Rm) rectangle atom, supported on a rectangle R = I × J . Note
that g-function is bounded on L2(Rn × Rm). That is, T1 is bounded from L
2(Rn × Rm)
to L2H1(R
n × Rm). Thus, by Lemma 2.1, in order to prove inequality (2.1), it suffices to
verify that ∫∫
Rn×Rm\R˜γ
|g(a)(x1, x2)|dx1dx2 . γ
−δ, for all γ ≥ 2.(2.4)
Set γ1, γ2 ≥ 2 and γ1, γ2 ∼ γ, it’s easy to see that
R˜γ ⊂ {(x1, x2) ∈ R
n × Rm : x1 /∈ γ1I, x2 /∈ γJ} ∪ {(x1, x2) ∈ R
n × Rm : x1 ∈ γ1I, x2 /∈ γJ}
∪ {(x1, x2) ∈ R
n × Rm : x1 /∈ γI, x2 /∈ γ2J} ∪ {(x1, x2) ∈ R
n × Rm : x1 /∈ γI, x2 ∈ γ2J}}
=: E1 ∪ E2 ∪ E3 ∪ E4.
By symmetry, to prove (2.4), and thus to finish the proof of Theorem 1.1, we only need
to prove that there exists a positive δ, such that∫∫
E1
|g(a)(x1, x2)|dx1dx2 . γ
−δ for all γ ≥ 2(2.5)
and ∫∫
E2
|g(a)(x1, x2)|dx1dx2 . γ
−δ for all γ ≥ 2.(2.6)
Now let us begin with the proof of inequality (2.5).
• Proof of (2.5). By the definition of g and support condition of a, we get
|g(a)(x)|2 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
st1,t2(x1, x2, y1, y2)a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
.
In order to estimate |g(a)(x)|2 (where x ∈ E1), we splitting the domain of variable t1
and t2 as follows,
(t1, t2) ∈ R
+ × R+ ⊂
(
[|x1 − z1|,∞)× [|x2 − z2|,∞)
)
∪
(
[|x1 − z1|,∞)× (0, |x2 − z2|)
)
∪
(
(0, |x1 − z1|)× [|x2 − z2|,∞)
)
∪
(
(0, |x1 − z1|)× (0, |x2 − z2|)
)
=: F1 ∪ F2 ∪ F3 ∪ F4.
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Hence, we may write
|g(a)(x)|2 ≤
4∑
i=1
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1Fi(t1, t2)st1,t2(x1, x2, y1, y2)a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
=:
4∑
i=1
Ai.
Let z1 be the centre of I and z2 be the centre of J , denote lI and lJ as the sidelength
of I and J , respectively. Note that, if x ∈ E1 and y ∈ I × J , then |x1 − y1| ∼ |x1 − z1|
and |x2 − y2| ∼ |x2 − z2|. We will continue to use the above notions in the rest of the
paper, moreover, we always denote
Φat1,t2(x, y, z) :=
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
|y2 − z2|
β
(t2 + |x2 − y2|)m+β
|a(y1, y2)|
Estimate for A1. Since x ∈ E1 and (t1, t2) ∈ F1, then for any y1 ∈ I, we have
t1 ≥ |x1 − z1| ≥ γlI ≥ 2|y1 − z1| and t1 & |x1 − y1|. Similarly, for any y2 ∈ J , we
have t1 ≥ 2|y1 − z1|. The definition of A1, vanishing and size condition of H
1(Rn × Rm)
rectangle atom and Ho¨lder estimate of st1,t2 imply that
A1 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F1(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2))
− st1,t2(x, (z1, y2)) + st1,t2(x, (z1, z2)))a(y1, y2)d~y|
2dt1dt2
t1t2
.
∫ ∞
|x1−z1|
∫ ∞
|x2−z2|
|
∫∫
I×J
Φat1,t2(x, y, z)dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J
∫ ∞
|x1−z1|
∫ ∞
|x2−z2|
dt1
t2n+2α+11
dt2
t2n+2β+12
|
∫∫
I×J
|a(y1, y2)|dy1dy2|
2
. l2αI l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Estimate for A2. In this case, x ∈ E1 and (t1, t2) ∈ F2. Note that
F2 ⊂
(
[|x1 − z1|,∞)× (0, 2|y2 − z2|)
)
∪
(
[|x1 − z1|,∞)× (2|y2 − z2|, |x2 − z2|)
)
=: F2,1 ∪ F2,2.
Then, one may deduce that
A2 ≤
2∑
i=1
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F2,i(t1, t2)st1,t2(x1, x2, y1, y2)a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
=: A2,1 + A2,2.
First, we consider the contribution of A2,1. Note that if x ∈ E1 and (t1, t2) ∈ F2,1, then
for any y1 ∈ I, it holds that t1 ≥ 2|y1 − z1| and t1 & |x1 − y1| ∼ |x1 − z1|. In addition,
t2 < 2|y2 − z2| < 2lJ < |x2 − y2| ∼ |x2 − z2|. By the vanishing and size condition of
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H1(Rn × Rm) rectangle atom and mixed Ho¨lder and size conditions of st1,t2 , we obtain
A2,1 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F2,1(t1, t2)(st1,t2(x, y)− st1,t2(x, (z1, y2)))a(y1, y2)d~y|
2dt1
t1
dt2
t2
.
∫ ∞
|x1−z1|
∫ 2|y2−z2|
0
[
∫∫
I×J
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
|a(y1, y2)|d~y]
2dt1t2
t1t2
. l2αI |x2 − z2|
−2m−2β
∫ ∞
|x1−z1|
∫ 2|y2−z2|
0
tβ−12
t2n+2α+11
dt1dt2|
∫∫
I×J
|a(y1, y2)|dy1dy2|
2
. l2αI l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Nextly, we consider A2,2.
Since x ∈ E1 and (t1, t2) ∈ F2,2, then for any y1 ∈ I, we have t1 ≥ |x1 − z1| ≥ γlI ≥
2|y1− z1| and t1 & |x1− y1|. Similarly, for any y2 ∈ J satisfies |x2− y2| ≥ t1 ≥ 2|y1− z1|.
Set ε < min{α, β}. The vanishing and size condition of H1(Rn × Rm) rectangle atom
and Ho¨lder estimate of st1,t2 yield that
A2,2 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F2,2(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2))
− st1,t2(x, (z1, y2)) + st1,t2(x, (z1, z2)))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
.
∫ ∞
|x1−z1|
∫ |x2−y2|
2|y2−z2|
|
∫∫
I×J
Φat1,t2(x, y, z)dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J
( ∫ ∞
|x1−z1|
dt1
t2n+2α+11
) ∫ |x2−y2|
2|y2−z2|
|
∫∫
I×J
|x2 − y2|
ε
tε2|x2 − y2|
m+β
|a(y1, y2)|dy1dy2|
2dt2
t2
. l2αI l
2β−2ε
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β+2ε.
Thus, it yields that
A2 . A2,1 + A2,2
. l2αI l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β + l2αI l
2β−2ε
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β+2ε.
Estimate for A3. Since A3 is symmetric with A2, we may obtain that
A3 . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β + l2α−2εI l
2β
J |x1 − z1|
−2n−2α+2ε|x2 − z2|
−2m−2β .
Estimate for A4. Recall that F4 = (0, |x1 − z1|) × (0, |x2 − z2|). In order to estimate
A4, we further split F4 as follows,
F4 ⊂
(
(2|y1 − z1|, |x1 − z1|)× (2|y1 − z1|, |x2 − z2|)
)
∪
(
(0, 2|y1 − z1|)× (0, 2|y2 − z2|)
)
∪
(
(2|y1 − z1|, |x1 − z1|)× (0, 2|y2 − z2|)
)
∪
(
(0, 2|y1 − z1|)× (2|y1 − z1|, |x1 − z1|)
)
=: F4,1 ∪ F4,2 ∪ F4,3 ∪ F4,4.
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Therefore, we have
A4 ≤
4∑
i=1
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F4,i(t1, t2)st1,t2(x1, x2, y1, y2)a(y1, y2)dy1dy2|
2dt1
t1
dt2
t2
=:
4∑
i=1
A4,i.
Now, we begin with the estimate of A4,1.
Note that if x ∈ E1 and (t1, t2) ∈ F4,1, then for any y1 ∈ I and y2 ∈ J , we have
|x1 − z1| ≥ t1 ≥ 2|y1 − z1| and |x2 − z2| ≥ t2 ≥ 2|y2 − z2|. Thus, by the vanishing and
size condition of H1(Rn × Rm) rectangle atom and Ho¨lder conditions of st1,t2, we get
A4,1 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F4,1(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2))
− st1,t2(x, (z1, y2)) + st1,t2(x, (z1, z2)))a(y1, y2)dy1dy2|
2dt1dt2
t1t2
.
∫ |x1−y1|
2|y1−z1|
∫ |x2−y2|
2|y2−z2|
|
∫∫
I×J
Φat1,t2(x, y, z)dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J
∫ |x1−y1|
2|y1−z1|
∫ |x2−y2|
2|y2−z2|
|
∫∫
I×J
|x1 − y1|
ε
tε1|x1 − y1|
m+β
|x2 − y2|
ε
tε2|x2 − y2|
m+β
× |a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. l2α−2εI l
2β−2ε
J |x1 − z1|
−2n−2α+2ε|x2 − z2|
−2m−2β+2ε.
The vanishing and size conditions of H1(Rn × Rm) rectangle atom and size estimate
of st1,t2 yield that
A4,2 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F4,2(t1, t2)st1,t2(x, y)a(y1, y2)dy1dy2|
2dt1t2
t1t2
.
∫ 2|y1−z1|
0
∫ 2|y2−z2|
0
|
∫∫
I×J
tα1
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
× |a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β
∫ |x1−y1|
2|y1−z1|
∫ |x2−y2|
2|y2−z2|
t−1−2α1 t
−1−2β
2 dt1dt2
. l2αI l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Now, we are in the position to estimate A4,3.
Note that if x ∈ E1 and (t1, t2) ∈ F4,3, then for any y1 ∈ I, it holds that |x1 − z1| ≥
t1 ≥ 2|y1 − z1|. By the vanishing and size conditions of H
1(Rn × Rm) rectangle atom
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and Ho¨lder conditions of st1,t2 , we get
A4,3 =
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F4,3(t1, t2)(st1,t2(x, y)− st1,t2(x, (z1, y2)))a(y1, y2)dy1dy2|
2dt1t2
t1t2
.
∫ |x1−y1|
2|y1−z1|
∫ 2|y2−z2|
0
|
∫∫
I×J
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
× |a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J |x2 − z2|
−2n−2β
∫ |x1−y1|
2|y1−z1|
|
∫∫
I×J
|x1 − y1|
ε
tε1|x1 − y1|
n+α
|a(y1, y2)|dy1dy2|
2dt1
t1
. l2α−2εI l
2β
J |x1 − z1|
−2n−2α+2ε|x2 − z2|
−2m−2β .
By the fact that A4,4 is symmetry with A4,3, we may obtain
A4,4 . l
2α
I l
2β−2ε
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β+2ε.
Therefore, we conclude that
|g(a)(x)|2 ≤
4∑
i=1
Ai . l
2α−2ε
I l
2β−2ε
J |x1 − z1|
−2n−2α+2ε|x2 − z2|
−2m−2β+2ε
+ l2αI l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β
+ l2α−2εI l
2β
J |x1 − z1|
−2n−2α+2ε|x2 − z2|
−2m−2β
+ l2αI l
2β−2ε
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β+2ε.
Recall that ε < min{α, β} and γ1 ∼ γ. The above estimate leads to∫∫
E1
|g(a)(x1, x2)|dx1dx2 . γ
−min{α,β}.
• Proof of (2.6). Recall that E2 = {(x1, x2) ∈ R
n × Rm : x1 ∈ γ1I, x2 /∈ γJ}, we have
E2 ⊂ {(x1, x2) ∈ R
n × Rm : x1 ∈ 2I, x2 /∈ γJ}
∪ {(x1, x2) ∈ R
n × Rm : x1 ∈ γ1I\2I, x2 /∈ γJ} =: E2,1 ∪ E2,2.
Therefore, it holds that∫∫
E2
|g(a)(x1, x2)|dx1dx2 .
∫∫
E2,1
|g(a)(x1, x2)|dx1dx2 +
∫∫
E2,2
|g(a)(x1, x2)|dx1dx2.
Since E2,2 ⊂ {(x1, x2) ∈ R
n × Rm : x1 /∈ 2I, x2 /∈ γJ}, taking γ1 = 2 and repeating the
proof of (2.5), we may get∫∫
E2,2
|g(a)(x1, x2)|dx1dx2 . γ
min{α,β}.
Hence, to complete the proof of Theorem 1.3, we only need to show that there exists a
δ > 0 such that ∫∫
E2,1
|g(a)(x1, x2)|dx1dx2 . γ
−δ.(2.7)
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To do this, similar to the analysis in the proof of (2.5), we split the domain of variable
t1 and t2 as follows,
(t1, t2) ∈ R
+ × R+ ⊂
(
(0, 2lI ]× [|x2 − z2|,∞)
)
∪
(
(0, 2lI ]× (2|y2 − z2|, |x2 − z2|)
)
∪
(
(0, 2lI ]× [0, 2|y2 − z2|)
)
∪
(
(2lI ,∞)× [|x2 − z2|,∞)
)
∪
(
(2lI ,∞)× (2|y2 − z2|, |x2 − z2|)
)
∪
(
(2lI ,∞)× [0, 2|y2 − z2|)
)
=: G1 ∪G2 ∪G3 ∪G4 ∪G5 ∪G6.
Thus, we may obtain∫∫
E2,1
|g(a)(x1, x2)|dx1dx2 ≤
6∑
i=1
∫∫
E2
( ∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1Gi(t1, t2)st1,t2(x1, x2, y1, y2)
× a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
)1/2
dx1dx2 =:
6∑
i=1
Bi.
Now, let us begin with the estimate of B1.
Estimate for B1. Since x ∈ E2 and (t1, t2) ∈ G1, then for any y2 ∈ J , it satisfies that
t2 ≥ 2|y2 − z2|. The support, vanishing and size condition of H
1(Rn × Rm) rectangle
atom, Ho¨lder inequality and the combinations of Carleson and Ho¨lder conditions of st1,t2
imply that
B1 =
∫∫
2I×(γJ)c
(∫ ∞
0
∫ ∞
0
|
∫∫
2I×J
1G1(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2)))(2.8)
× a(y1, y2)dy1dy2|
2dt1
t1
dt2
t2
)1/2
dx1dx2
. ‖a‖L2
∫∫
2I×(γJ)c
(∫ 2lI
0
∫ ∞
|x2−z2|
∫∫
2I×J
|st1,t2(x, y)− st1,t2(x, (y1, z2))|
2
× dy1dy2
dt1
t1
dt2
t2
)1/2
dx1dx2
. ‖a‖L2(2I)
1/2
∫
(γJ)c
(∫ ∞
|x2−z2|
∫
J
( ∫∫
2̂I
∫
2I
|st1,t2(x, y)− st1,t2(x, (y1, z2))|
2
× dy1
dx1dt1
t1
)
dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2
∫
(γJ)c
(∫ ∞
|x2−z2|
∫
J
|y2 − z2|
2β
(t2 + |x2 − y2|)2m+2β
dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2J1/2lβJ
∫
(γJ)c
|x2 − z2|
−m−βdx2 . γ
−β .
Now, we consider the estimate of B2.
Estimate for B2. If x ∈ E2 and (t1, t2) ∈ G1, then for any y2 ∈ J , it holds that
|x2 − z2| ≥ t2 ≥ 2|y2 − z2|. Recall ε ≤ min{α, β}. Similar to inequality (2.8), by the
support, vanishing and size condition of H1(Rn×Rm) rectangle atom, Ho¨lder inequality
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and the combinations of Carleson and Ho¨lder conditions of st1,t2 , we may obtain
B2 =
∫∫
2I×(γJ)c
(∫ ∞
0
∫ ∞
0
|
∫∫
2I×J
1G2(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2)))
× a(y1, y2)dy1dy2|
2dt1
t1
dt2
t2
)1/2
dx1dx2
. ‖a‖L2I
1/2
∫
(γJ)c
(∫ |x2−z2|
2|y2−z2|
∫
J
|y2 − z2|
2β
(t2 + |x2 − y2|)2m+2β
dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2lβJ
∫
(γJ)c
(∫ |x2−z2|
2|y2−z2|
∫
J
|x2 − z2|
ε
tε2|x2 − z2|
2m+2β
dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2J1/2l
β−ε/2
J
∫
(γJ)c
|x2 − z2|
−m−β+ε/2dx2 . γ
−β/2.
Estimate for B3. The support, vanishing and size condition of H
1(Rn×Rm) rectangle
atom, Ho¨lder inequality and the Combinations of Carleson and size conditions of st1,t2
yield that
B3 =
∫∫
2I×(γJ)c
(∫ ∞
0
∫ ∞
0
|
∫∫
2I×J
1G3(t1, t2)st1,t2(x, y)
× (y1, y2)dy1dy2|
2dt1dt2
t1t2
)1/2
dx1dx2
. ‖a‖L2(2I)
1/2
∫
(γJ)c
(∫ 2|y2−z2|
0
∫
J
( ∫∫
2̂I
∫
2I
|st1,t2(x1, x2, y1, y2)|dy1
dx1dt1
t1
)
× dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2
∫
(γJ)c
(∫ 2|y2−z2|
0
∫
J
t2β2
(t2 + |x2 − y2|)2m+2β
dy2
dt2
t2
)1/2
dx2
. ‖a‖L2I
1/2J1/2lβJ
∫
(γJ)c
|x2 − z2|
−m−βdx2 . γ
−β.
Estimate for B4. Since x ∈ E2 and (t1, t2) ∈ G4, then for any y1 ∈ I, it satisfies that
t1 ≥ 2|y1−z1| and t1 > |x1−y1|. For any y2 ∈ J , it satisfies that t2 ≥ |x2−z2| ≥ 2|y2−z2|.
The vanishing and size condition of H1(Rn × Rm) rectangle atom and Ho¨lder estimate
of st1,t2 yield that∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1G4(t1, t2)st1,t2(x, y))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
(2.9)
=
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1G4(t1, t2)(st1,t2(x, y)− st1,t2(x, (y1, z2))
− st1,t2(x, (z1, y2)) + st1,t2(x, (z1, z2)))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t
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.
∫ ∞
2lI
∫ ∞
|x2−z2|
|
∫∫
I×J
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
|y2 − z2|
β
(t2 + |x2 − y2|)m+β
× |a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J
∫ ∞
2lI
∫ ∞
|x2−z2|
dt1
t2n+2α+11
dt2
t2n+2β+12
|
∫∫
I×J
|a(y1, y2)|dy1dy2|
2
. l−2nI l
2β
J |x2 − z2|
−2m−2β.
Putting the above estimates into the definition of B4, it holds that
B4 . l
−n
I l
β
J
∫
2I
∫
(γJ)c
|x2 − z2|
−m−βdx1dx2 . γ
−β.
Estimate for B5. Note that x ∈ E2 and (t1, t2) ∈ G5, then for any y1 ∈ I, it satisfies
that t1 ≥ 2|y1−z1| and t1 > |x1−y1|. For any y2 ∈ J , it satisfies |x2−z2| ≥ t2 ≥ 2|y2−z2|.
Similar to inequality (2.9), by the vanishing and size condition of H1(Rn×Rm) rectangle
atom and Ho¨lder estimate of st1,t2 , we may get∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1G5(t1, t2)st1,t2(x, y))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
.
∫ ∞
2lI
∫ |x2−z2|
2|y2−z2|
|
∫∫
I×J
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
|y2 − z2|
β
(t2 + |x2 − y2|)m+β
|a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. l2αI l
2β
J
( ∫ ∞
2lI
dt1
t2n+2α+11
) ∫ |x2−y2|
2|y2−z2|
|
∫∫
I×J
|x2 − y2|
ε/2
t
ε/2
2 |x2 − y2|
m+β
|a(y1, y2)|dy1dy2|
2dt2
t2
. l−2nI l
2β−ε
J |x2 − z2|
−2m−2β+ε.
This leads to
B5 . l
−n
I l
β−ε/2
J
∫
2I
∫
(γJ)c
|x2 − z2|
−m−β+ε/2dx1dx2 . γ
−β/2.
Estimate for B6. Note that x ∈ E2 and (t1, t2) ∈ G6, then for any y1 ∈ I, it holds
that t1 ≥ 2|y1 − z1| and t1 > |x1 − y1|. By the support, vanishing and size condition of
H1(Rn × Rm) rectangle atom and Ho¨lder estimate of st1,t2 , we may get∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1G6(t1, t2)st1,t2(x, y))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
=
∫ ∞
0
∫ ∞
0
|
∫∫
I×J
1F2,1(t1, t2)(st1,t2(x, y)− st1,t2(x, (z1, y2)))a(y1, y2)dy1 dy2|
2dt1
t1
dt2
t2
.
∫ ∞
2lI
∫ 2|y2−z2|
0
|
∫∫
I×J
|y1 − z1|
α
(t1 + |x1 − y1|)n+α
tβ2
(t2 + |x2 − y2|)m+β
|a(y1, y2)|dy1dy2|
2dt1
t1
dt2
t2
. l2αI |x2 − z2|
−2m−2β
∫ ∞
2lI
∫ 2|y2−z2|
0
tβ2
t2n+2α+11
dt1dt2|
∫∫
I×J
|a(y1, y2)|dy1dy2|
2
. l2nI l
2β
J |x2 − z2|
−2m−2β.
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This yields that
B6 . l
n
I l
β
J
∫
2I
∫
(γJ)c
|x2 − z2|
−m−βdx1dx2 . γ
−β.
Combining the estimate for Bi(i = 1 · · · 6), we get∫∫
E2,1
|g(a)(x1, x2)|dx1dx2 . γ
−β/2.
Thus, we finish the proof of the inequality (2.7). Since we have reduced the proof of
Theorem 1.1 to inequality (2.7), the proof of Theorem 1.1 is also completed. 
3. Proof of Theorem 1.2
First, we list an elementary inequality which is useful in the proof of Theorem 1.2.
Lemma 3.1. ([19]) Let θ1, θ2 > 0, A ≤ B. Denote θ0 = min{θ1, θ2}, θ3 = max{θ1, θ2} >
n, then ∫
Rn
dy
(A+ |y|)θ1(B + |x− y|)θ2
. An−θ3(|x|+B)−θ0 .
Proof of Theorem 1.2. Similar to Theorem 1.1, in order to prove (1.4), it suffices to verify
that for any H1(Rn × Rm)-atom a˜, there exists a constant C > 0 satisfying
‖g∗~λ(a˜)‖L1(Rn×Rm) = ‖T2(a˜)‖L1H2(R
n×Rm) ≤ C.(3.1)
In fact, let f ∈ H1(Rn × Rm), by atomic decomposition, we have f =
∑∞
j λja˜j , where
a˜j is H
1(Rn × Rm)-atom. The size condition of Kt1,t2 and Fubini theorem lead to
∞∑
j=1
λj
∫∫
Rn×Rm
T2(a˜j)(x1, x2)dx1dx2(3.2)
≤
∞∑
j=1
λj
1
tn1 t
m
2
∫∫
Rn×Rm
∫∫
Rn×Rm
( t1
t1 + |x1 − y1|
)nλ1
2
( t2
t2 + |x2 − y2|
)mλ2
2
×
∫∫
Rn×Rm
|Kt1,t2(y1, y2, z1, z2)|dy1dy2dx1dx2a˜(z1, z2)dz1dz2
≤
∞∑
j=1
λj
tn1 t
m
2
∫∫
Rn×Rm
∫∫
Rn×Rm
( t1
t1 + |x1 − y1|
)nλ1
2
( t2
t2 + |x2 − y2|
)mλ2
2
∫∫
Rn×Rm
×
tα1
(t1 + |y1 − z1|)n+α
tβ2
(t2 + |y2 − z2|)m+β
dy1dy2dx1dx2|a˜(z1, z2)|dz1dz2.
Since 0 < α ≤ n(λ1 − 2)/2 and 0 < β ≤ m(λ2 − 2)/2, we may set ε1 > 0, ε2 > 0 with
2n + 2α ≤ 2n + 2ε1 ≤ nλ1 and 2m + 2β ≤ 2m + 2ε2 ≤ mλ2, respectively. By Lemma
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3.1, we obtain ∫
Rn
∫
Rn
( t1
t1 + |x1 − y1|
)nλ1
2 tα1
(t1 + |y1 − z1|)n+α
dy1dx1(3.3)
.
∫
Rn
∫
Rn
tn+ε11(
t1 + |x1 − y1|
)n+ε1 tα1(t1 + |y1 − z1|)n+αdy1dx1
.
∫
Rn
tn+α1
(t1 + |x1 − z1|)n+α
dx1 . t
n
1 .
Similarly, we have∫
Rm
∫
Rm
( t2
t2 + |x2 − y2|
)mλ2
2 t
β
2
(t2 + |y2 − z2|)m+β
dy2dx2 . t
m
2 .(3.4)
Putting (3.3) and (3.4) into (3.5), we have
∞∑
j=1
λj
∫∫
Rn×Rm
T2(a˜j)(x1, x2)dx1dx2 ≤ C.(3.5)
Hence, (3.5) and Lebesgue dominated convergence theorem imply that
T2(f) =
∞∑
j=1
λjT2(a˜j), a.e.
By (3.1) and repeating the same steps as in (2.3), we have
‖T2(f)‖L1
H2
(Rn×Rm) . ‖f‖H1(Rn×Rm).
Thus, to prove Theorem 1.2, we only need to prove inequality (3.1).
From now on, we are devoted to prove (3.1).
Let a be any H1(Rn × Rm) rectangle atom, with support on a rectangle R = I × J .
As remarked before, g∗~λ(f) is bounded from L
2(Rn × Rm) to L2H2(R
n × Rm). Thus, by
Lemma 2.1, in order to prove (1.4), it suffices to verify that∫∫
Rn×Rm\R˜γ
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−δ, for all γ ≥ 2.(3.6)
Recall the definition of Ei in the proof of Theorem 1.1 and by symmetry, to prove (3.6),
we only need to show that there exist a δ > 0 such that∫∫
E1
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−δ for all γ ≥ 2(3.7)
and ∫∫
E2
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−δ for all γ ≥ 2.(3.8)
Now, let us to begin with the proof of (3.7).
• Proof of (3.7). By the definition of g∗~λ and the support condition of H
1(Rn × Rm)
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rectangle atom, we get
|g∗~λ(a)(x)|
2 =
∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
× |
∫∫
Rn×Rm
Kt1,t2(y1, y2, z1, z2)a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
.
With abuse of notation, we split the domain of variable t1 and t2 as follows,
(t1, t2) ∈ R
+ × R+ ⊂
(
[2lI ,∞)× [2lJ ,∞)
)
∪
(
[2lI ,∞)× (0, 2lJ)
)
∪
(
(0, 2lI)× [2lJ ,∞)
)
∪
(
(0, 2lI)× (0, 2lJ)
)
=: F1 ∪ F2 ∪ F3 ∪ F4.
Hence, for any x ∈ E1, we have
|g∗~λ(a)(x)|
2 ≤
4∑
i=1
∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1Fi(t1, t2)
|
∫∫
Rn×Rm
Kt1,t2(y1, y2, z1, z2)a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
=:
4∑
i=1
Ai.
Denote z′1 as the centre of I and z
′
2 as the centre of J . Now, we will estimate each Ai.
Estimate for A1. Since x ∈ E1 and (t1, t2) ∈ F1, then for any y1 ∈ I, y2 ∈ J , we
have t1 ≥ 2lI ≥ 2|z1 − z
′
1| and t2 ≥ 2lJ ≥ 2|z2 − z
′
2|. By the vanishing, support and
size condition of H1(Rn × Rm) rectangle atom, Ho¨lder estimate of Kt1,t2 and Ho¨lder
inequality, we have
A1 =
∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F1(t1, t2)(3.9)
× |
∫∫
I×J
(Kt1,t2(y, z)−Kt1,t2(y, (z1, z
′
2))
−Kt1,t2(y, (z
′
1, z2)) +Kt1,t2(y, (z
′
1, z
′
2)))a(z1, z2)dz1dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
.
∫ ∞
2lJ
∫
Rm
( t2
t2 + |x2 − y2|
)mλ2 ∫ ∞
2lI
∫
Rn
( t1
t1 + |x1 − y1|
)nλ1
|
∫∫
I×J
|z1 − z
′
1|
α
(t1 + |y1 − z1|)n+α
|z2 − z
′
2|
β
(t2 + |y2 − z2|)m+β
a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
. ‖a‖22
∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
×
∫ ∞
2lJ
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 |z2 − z′2|2β
(t2 + |y2 − z2|)2m+2β
dz2
dy2dt2
tm+12
.
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By Lemma 3.1, it holds that∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
(3.10)
. l2αI
∫ ∞
2lI
∫
I
∫
Rn
t2n+2ε11(
t1 + |x1 − y1|
)2n+2ε1 1(t1 + |y1 − z1|)2n+2αdy1dz1dt1tn+11
. l2αI
∫ ∞
2lI
∫
I
tn1(
t1 + |x1 − z1|
)2n+2α dz1dt1tn+11 . ln+2αI |x1 − z1|−2n−2α.
Similarly, we may get∫ ∞
2lJ
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 |z2 − z′2|2β
(t2 + |y2 − z2|)2n+2β
dz2
dy2dt2
tm+12
(3.11)
. lm+2βJ |x2 − z2|
−2m−2β .
Putting the above estimate into (3.9) and recall that ‖a‖22 . |R|
−1 = l−nI l
−m
J , we have
A1 . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Estimate for A2. Since x ∈ E1 and (t1, t2) ∈ F2, then for any y1 ∈ I, we have
t1 ≥ 2lI ≥ 2|z1 − z
′
1|. By the vanishing, support and size condition of H
1(Rn × Rm)
rectangle atom, mixed Ho¨lder and size condition of Kt1,t2 and Ho¨lder inequality, we have
A2 =
∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F2(t1, t2)(3.12)
|
∫∫
I×J
(Kt1,t2(y, z)−Kt1,t2(y, (z
′
1, z2)))a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
.
∫ 2lJ
0
∫
Rm
( t2
t2 + |x2 − y2|
)mλ2 ∫ ∞
2lI
∫
Rn
( t1
t1 + |x1 − y1|
)nλ1
|
∫∫
I×J
|z1 − z
′
1|
α
(t1 + |y1 − z1|)n+α
tβ2
(t2 + |y2 − z2|)m+β
a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
. ‖a‖22
∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
×
∫ 2lJ
0
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 t2β2
(t2 + |y2 − z2|)2m+2β
dz2
dy2dt2
tm+12
.
Note that 2m+ 2β ≤ 2m+ 2ε2 ≤ mλ2. By Lemma 3.1, we obtain∫ 2lJ
0
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 t2β2
(t2 + |y2 − z2|)2m+2β
dz2
dy2dt2
tm+12
(3.13)
.
∫ 2lJ
0
∫
I
∫
Rm
t2m+2ε2+2β2(
t2 + |x2 − y2|
)2m+2ε2 1(t2 + |y2 − z2|)2m+2β dy2dz2dt2tm+12
.
∫ 2lJ
0
∫
J
t2β2(
t2 + |x2 − z2|
)2m+2β dz2dt2tm+12 . lm+2βJ |x2 − z2|−2m−2β.
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Putting inequality (3.10) and (3.13) into inequality (3.12), we have
A2 . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Estimate for A3. A3 is symmetric with A2, thus,
A3 . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Estimate for A4. Similar to A1 and A2, the vanishing, support and size condition of
rectangle atom, size condition of Kt1,t2 , Ho¨lder inequality and inequality (3.13) lead to
A4 . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
Hence, whenever x ∈ E1, we get
|g∗~λ(a)(x)|
2 ≤
4∑
i=1
Ai . l
2α
I l
2β
J |x1 − z1|
−2n−2α|x2 − z2|
−2m−2β .
This yields that ∫∫
E1
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−α−β.
Thus, we have proved inequality (2.5).
Now, we are in the position to prove inequality (2.6).
• Proof of (2.6). Recall that E2 = {(x1, x2) ∈ R
n × Rm : x1 ∈ γ1I, x2 /∈ γJ}, we have
E2 ⊂ {(x1, x2) ∈ R
n × Rm : x1 ∈ 2I, x2 /∈ γJ}
∪ {(x1, x2) ∈ R
n × Rm : x1 ∈ γ1I\2I, x2 /∈ γJ} =: E2,1 ∪ E2,2.
Therefore, ∫∫
E2
|g∗~λ(a)(x1, x2)|dx1dx2 .
∫∫
E2,1
|g∗~λ(a)(x1, x2)|dx1dx2
+
∫∫
E2,2
|g∗~λ(a)(x1, x2)|dx1dx2.
Since E2,2 ⊂ {(x1, x2) ∈ R
n × Rm : x1 /∈ 2I, x2 /∈ γJ}, taking γ1 = 2 and repeating the
proof of (2.5), we may get∫∫
E2,2
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−α−β .
So, to prove Theorem 1.3, we only need to show that there exists a δ > 0 such that∫∫
E2,1
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−δ.(3.14)
We also need to split the domain of variable t1 and t2 as follows,
(t1, t2) ∈ R
+ × R+ ⊂
(
[2lI ,∞)× [2lJ ,∞)
)
∪
(
[2lI ,∞)× (0, 2lJ)
)
∪
(
(0, 2lI)× [2lJ ,∞)
)
∪
(
(0, 2lI)× (0, 2lJ)
)
= F1 ∪ F2 ∪ F3 ∪ F4.
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Hence, we may write∫∫
E2,1
|g∗~λ(a)(x1, x2)|dx1dx2
.
4∑
i=1
∫∫
E2,1
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1Fi(t1, t2)
× |
∫∫
Rn×Rm
Kt1,t2(y1, y2, z1, z2)a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
)1/2
dx1dx2
=:
4∑
i=1
Bi.
Now, we need to give the estimate for each Bi.
Estimate for B1. Since x ∈ E2,1 and (t1, t2) ∈ F1, then for any z1 ∈ I, z2 ∈ J , we
have t1 ≥ 2lI ≥ 2|z1 − z
′
1| and t2 ≥ 2lJ ≥ 2|z2 − z
′
2|. Similar to inequality (3.9), by the
vanishing, support and size condition of H1(Rn × Rm) rectangle atom, Ho¨lder estimate
of Kt1,t2 and Ho¨lder inequality, we have
B1 . ‖a‖
2
2
∫∫
E2,1
(∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
(3.15)
×
∫ ∞
2lJ
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 |z2 − z′2|2β
(t2 + |y2 − z2|)2m+2β
dz2
dy2dt2
tm+12
)1/2
dx1dx2.
Since x ∈ E2,1, then we have t1 ≥ 2|x1 − z1|. By Lemma 3.1, we obtain∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
(3.16)
. l2αI
∫ ∞
2lI
∫
I
∫
Rn
t2n+2ε11(
t1 + |x1 − y1|
)2n+2ε1 1(t1 + |y1 − z1|)2n+2αdy1dz1dt1tn+11
. l2αI
∫ ∞
2lI
∫
I
tn1(
t1 + |x1 − z1|
)2n+2α dz1dt1tn+11 . lnI .
Similarly, we may get∫ ∞
2lJ
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 |z2 − z′2|2β
(t2 + |y2 − z2|)2n+2β
dz2
dy2dt2
tm+12
(3.17)
. lm+2βJ |x2 − z2|
−2m−2β .
Putting the inequality (3.16), (3.17) into inequality (3.15), recall that ‖a‖22 . |R|
−1 =
l−nI l
−m
J , we may arrive at B1 . γ
−β.
Estimate for B2. Since x ∈ E2,1 and (t1, t2) ∈ F2, for any z1 ∈ I, we have t1 ≥ 2lI ≥
2|z1− z
′
1|. By the vanishing, support and size condition of rectangle atom, mixed Ho¨lder
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and size condition of Kt1,t2 and Ho¨lder inequality, similar as (3.12), we have
B2 . ‖a‖
2
2
∫∫
E2,1
(∫ ∞
2lI
∫
Rn
∫
I
( t1
t1 + |x1 − y1|
)nλ1 |z1 − z′1|2α
(t1 + |y1 − z1|)2n+2α
dz1
dy1dt1
tn+11
(3.18)
×
∫ 2lJ
0
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 t2β2
(t2 + |y2 − z2|)2m+2β
dz2
dy2dt2
tm+12
)1/2
dx1dx2.
Putting inequalities (3.16) and (3.13) into (3.18), we may get B2 . γ
−β.
Estimate for B3. If x ∈ E2,1, t ∈ F3, then for any z2 ∈ J , we have t2 ≥ 2lJ ≥ 2|z2− z
′
2|.
The vanishing, support and size condition of H1(Rn×Rm) rectangle atom, combination
of Carleson and Ho¨lder conditions of Kt1,t2 , Ho¨lder inequality and (3.13) imply that
B3 =
∫∫
E2,1
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F3(t1, t2)
× |
∫∫
Rn×Rm
(Kt1,t2(y, z)−Kt1,t2(y, (z1, z
′
2)))a(z1, z2)dz1dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
) 1
2
dx1dx2
. ‖a‖L2
∫∫
2I×(γJ)c
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F2(t1, t2)
∫∫
Rn×Rm
|Kt1,t2(y, z)−Kt1,t2(y, (z1, z
′
2))|
2dz1 dz2
dy1dt1
tn+11
dy2dt2
tm+12
)1/2
dx1dx2
. ‖a‖L2 |2I|
1/2
∫
(γJ)c
(∫ ∞
2lj
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2( ∫∫
Î
∫
Rn
( t1
t1 + |x1 − y1|
)nλ1
|Kt1,t2(y, z)−Kt1,t2(y, (z1, z
′
2))|
2dz1
dy1dx1dt1
tn+11
)dz2dy2dt2
tm+12
)1/2
dx2
. ‖a‖L2 |I|
1
2
∫
(γJ)c
(∫ ∞
2lj
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 |z2 − z′2|β
(t2 + |y2 − z2|)m+β
dz2dy2dt2
tm+12
) 1
2
dx2
. ‖a‖L2 |I|
1
2 l
m/2+β
J
∫
(γJ)c
|x2 − z2|
−m−βdx2 . γ
−β.
Estimate for B4. Similarly, we have
B4 =
∫∫
E2,1
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F4(t1, t2)
|
∫∫
Rn×Rm
Kt1,t2(y, z)a(z1, z2)dz1 dz2|
2dy1dt1
tn+11
dy2dt2
tm+12
)1/2
dx1dx2
. ‖a‖L2
∫∫
2I×(γJ)c
(∫∫
R
m+1
+
( t2
t2 + |x2 − y2|
)mλ2 ∫∫
R
n+1
+
( t1
t1 + |x1 − y1|
)nλ1
1F4(t1, t2)
∫∫
Rn×Rm
|Kt1,t2(y, z)|
2dz1 dz2
dy1dt1
tn+11
dy2dt2
tm+12
)1/2
dx1dx2
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. ‖a‖L2(2I)
1/2
∫
(γJ)c
(∫ 2lj
0
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2( ∫∫
Î
∫
Rn
( t1
t1 + |x1 − y1|
)nλ1
|Kt1,t2(y, z)|
2dz1
dy1dx1dt1
tn+11
)dz2dy2dt2
tm+12
)1/2
dx2
. ‖a‖L2 |I|
1
2
∫
(γJ)c
(∫ ∞
2lj
∫
Rm
∫
J
( t2
t2 + |x2 − y2|
)mλ2 tβ2
(t2 + |y2 − z2|)m+β
dz2dy2dt2
tm+12
) 1
2
dx2
. ‖a‖L2(2I)
1/2l
m/2+β
J
∫
(γJ)c
|x2 − z2|
−m−βdx2 . γ
−β.
Combining the estimate for Bi(i = 1 · · · 4), we get∫∫
E2,1
|g∗~λ(a)(x1, x2)|dx1dx2 . γ
−β.
This completes the proof of (3.14). Since we have reduced the proof of Theorem 1.2 to
inequality (3.14), the proof of Theorem 1.2 is finished. 
4. Proof of the corollaries
We need the following lemma:
Theorem C. (Caldero´n-Zygmund Lemma [3]) Let α > 0 be given and f ∈ Lp(Rn×Rm),
1 < p < 2. Then we may write f = f1+f2 where f1 ∈ L
2(Rn×Rm) and f2 ∈ H
1(Rn×Rm)
with ‖f1‖
2
2 ≤ α
2−p‖f‖Lpp; and ‖f2‖H1 ≤ cα
1−p‖f‖Lpp, where c is a universal constant.
A trivial corollary of Theorem C will lead to the following result.
Lemma 4.1. Let T be a sublinear operator which is bounded from H1(Rn × Rm) to
L1(Rn ×Rm) and bounded on L2(Rn ×Rm). Then T is bounded on Lp(Rn ×Rm) for all
1 < p < 2.
Thus, the Lp boundedness in Corollary 1 and Corollary 2 follows from the interpolation
between (H1, L1) and (L2, L2).
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